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fast decaying initial functions, this system has a finite
spreading speed. For slowly decaying initial functions,
we show that the accelerating propagation will occur
and chemotaxis does not affect the propagation mode
determined by slowly decaying initial functions if the
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1 | INTRODUCTION

Chemotaxis, as a strategy of migration, describes the directional movement of cells along a chemi-
cal concentration gradient. It was well known that this process can promote the rapid propagation
of bacterial populations into previously unoccupied territories (cf. [1, 2, 8, 36, 51]). The first math-
ematical model was attributed to Patlak [45]. The propagation of migrating bands of bacterial
chemotaxis was first observed in the experiment by Adler [1] and the following mathematical
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model was proposed by Keller and Segel [25] to recover the migrating bands of bacterial chemo-
taxis using a pair of reaction-diffusion-convection equations (nowadays well known as singular
Keller-Segel system)

1

u, =Au—xV- (%VU),

v, = eAv —uv™,
where u(x, t) denotes the bacterial density and v(x,t) the chemical (oxygen) concentration at
position x and at time ¢t > 0, respectively. y > 0 is the chemotactic coefficient and ¢ > 0 denotes
the chemical diffusivity. We remark that m = 0 was assumed for analysis in [25] and m > 0in [24].
The Keller-Segel system (1.1) has attracted extensive studies generating a large number of beauti-
ful mathematical results on the existence and stability of traveling wave solutions (cf. [10, 12, 24,
31, 33, 38, 41]) as well as global solvability (cf. [21, 22, 32]). In order to generate traveling bands, the
Keller-Segel system (1.1) requires a singular chemotactic sensitivity for sufficiently small chemical
concentration, which is, however, unrealistic since cells cannot perform chemotaxis when con-
centrations fall below detectable values (cf. [42]). Furthermore, this model neglected cell growth,
a substantial factor in the expansion process (cf. [42]). Subsequently various models including cell
growth but without singular sensitivity have been proposed and tested against numerical simula-
tions (cf. [27, 28, 30, 54]). In this paper we are concerned with the spatial propagation dynamics
of the following classical chemotaxis system with logistic growth

{u[ =Au—yV-wVv)+u(a—bu), xe€Q,t>0,
(1.2)

TV, = Av — A0 + pu, xe, t>0,

where y,a,b, 1, and u are positive constants, T is a non-negative constant, u(x, t) denotes the
cell density, and v(x, t) the chemical concentration at position x and at time ¢ > 0. The system
(1.2) models the movement of cells directed by the higher concentration of chemoattractant emit-
ted from cells. The constant y is called the chemotactic coefficient, 4 is the degradation rate of
chemoattractant, u is the rate at which cells produce chemoattractant, and the constant 1/7 in the
case T > 0 measures the diffusion rate of chemoattractant. It has been numerically demonstrated
in [44] that the model (1.2) can produce various intricate patterns including traveling waves.

For (1.2), the global solvability of solutions and traveling waves are two primary analytical
research topics. In the case 7 = 0, it was shown in [23, 53] that on a bounded domain Q C RN
complemented with Neumann boundary conditions, (1.2) has a unique globally bounded clas-
sical solution for any non-negative initial data u, € C>%(Q) with a € (0,1) if either N < 2 or
b> I% x 1. Under the same condition, if Q = RY, there exists a unique global classical solution of
(1.2) for any non-negative initial data u, € L'(RN) n LP(RN) with p > N and p > 2 (cf. [48]). Sim-
ilar results were obtained for the case 7 > 0in [43,56]. When N > 3and b < % XM, to the best of
our knowledge, whether (1.2) admits globally bounded or blow-up solutions still remains open for
both bounded and unbounded domain Q C RY. For the results on traveling wave solutions, when
a=b=A1=pu=1and t =0, the existence of traveling wave solutions of (1.2) was obtained in
[40]for0 < y < 1andin [46] for0 < y < % with the existence of a minimal wave speed. If 1 > a

and b > 2yu, (1.2) has a traveling wave solution on R with a minimal speed ¢ > 24/a connecting

(0,0) and (%, %), see [50] for T = 0 and [47, 49] for 7 > 0. However, the question whether the trav-
apu

eling wave solution is monotone and takes the values only in (0, %) % (0, ﬁ) remains open. When
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one of the conditions 4 > a and b > 2y u fails, the existence of traveling wave solutions of (1.2) is
also an open question.

Except the global solvability of solution and traveling waves, the spatial propagation dynamics
of (1.2) is another interesting research topic and not many results are available in the literature. In
this paper, we will investigate the spatial propagation dynamics of (1.2) on R with T = 0, namely,

U =u,, — y(uv,), +u(a—bu), xR, t>0,

0=v,, —Av+ uu, XER, t>0, 1.3)
u(x,0) = uy(x), x €R.
Denote
Cﬁnif([R) = {u € C(R) | u is uniformly continuous in x € R and sup ¢ |u(x)| < oo},

which is equipped with the norm ||u||, = sup,cg |u(x)|. Throughout the paper, we assume that
the initial function satisfies

Uy € ct (R), uy(x) > 0 for x € R, liminf uy(x) > 0, and uy(x) - 0 as x - +oo. (1.4)
unif X——00

When b > ypu, the global existence of solution of (1.3) with u, € Cﬁnif([R) was obtained in [48].
There are two classes of initial function v, that are commonly used in the literature as follows:

(a) fast decaying initial function, namely, there is § > 0 and C > 0 such that
uy(x) < Ce P for large x, (1.5)
(b) slowly decaying initial function, namely, there is a large constant &, such that
uy € C*([£), +00)), u), < 0in [£y, +00), and uf) (x)/uy(x) = 0 as x - +co. (1.6)

By Lemma 2.2(ii) below, when u,, satisfies (1.4) and (1.6), u, decays more slowly than any
exponentially decaying function as x — +o0, namely,

Vi, 3x, s.t. up(x) = e forall x € [x,,+).

In the case y = 0, u in (1.3) is independent of v, and if we ignore the second equation, the first
equation of (1.3) with initial data u,(x) reduces to the following well-known Fisher-KPP equation:

{ut=uxx+u(a—bu), X ER, t>0, W)

u(x,0) = uy(x), x €ER.

The spatial propagation dynamics of (1.7) with different initial functions has been extensively
studied as one of the prevailing research topics in the past few decades. For example, for fast
decaying initial functions, if u,(x) < coe‘\/ax with ¢, > 0 for large x, then (1.7) has a spreading
speed 2\/5 (see [5, 6, 26]), and if there are two constants ¢;, ¢, € (0, +o0) such thate; < uy(x)e** <
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450 | WANG AND XU

¢, with x € (0, \/E) for large x, then (1.7) has a spreading speed x + a/x (see [7, 17, 29, 39, 52]).
Here a constant ¢* > 0 is called a spreading speed if u(x, t) satisfies that

hm sup |u(x,t)] =0 for any ¢ > c*,
[—=00 yxct

hm inf inf u(x,t) >0 for any ¢ < c*.

t—o0 Xx<ct

We refer to [34, 35, 37, 55] for more results on the spreading speed of discrete-time recursion equa-
tions which can include (1.7) as a special example. On the other hand, for slowly decaying initial
functions, as shown in [18] by Hemal and Roques, (1.7) has a new spatial propagation mode-
acceleration propagation, which is quite different from the propagation mode of spreading speed
resulting from fast decaying initial functions. The acceleration propagation means that the average
moving speed of the level set E, () tends to infinity as t — +o0, in the sense that

inf{E, (1)}
m — =

t—+o00 t

where E (¢) is the moving level set defined by E, (t) = {x € R, u(x, t) = w}. The authors of [18]
also showed that for any y;,y, > 0, € € (0, a), and w € (0, a/b), there exists T > 0 such that

E,(t) C ual{ [yle_(‘”e)t, y2e_(“_€)t] } forallt > T, (1.8)

where ug LA} = {x € R,uy(x) € A} denotes the inverse image of u, from the set A. By (1.8), the
explicit upper and lower bounds locating E, (t) were obtained in [18] for different forms of u,,,
for example, if uy(x) = CxP for large x with p,C > 0, then In(min E, (t)) ~ In(max E, (1)) ~
ap~!'t as t — +o0. We refer to [3, 19, 20] for the acceleration propagation results recently devel-
oped for more general reaction-diffusion equations. We also refer to [9, 11, 13] for the acceleration
propagation of fractional diffusion equations and [4, 14, 15] for non-local dispersal equations.

Compared to the Fisher-KPP equation, the results on the spatial propagation dynamics of (1.3)
with y > 0are much less. When u,, is a fast decaying initial function, Salako and Shen studied the
existence of spreading speed of (1.3) in [50]. To summarize their main results in [50], we introduce
aset

D, when b < yu,
2b— xu
_J|- h <b< ,
K—<< 3 v 2b\/_> when yu < )c#
3
R, when b > Egm.

\

We denote the spreading speed of (1.3) by a positive constant ¢*. When b > yu and u, is a fast
decaying initial function, it was shown in [50] that c¢* = 2\/5 if \/E € K and uy(x) = 0 for large
x, while ¢* = x + a/x if uy(x) > e as x - +oo with x € (0, \/E) N K. Compared to the results
for the Fisher-KPP equation (1.7), it was found that the chemotaxis neither asymptotically speeds
up nor slows down the spreading speed for fast decaying initial functions when the chemotactic
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ACCELERATIONS OF PROPAGATION IN A CHEMOTAXIS-GROWTH SYSTEM | 451

sensitivity is weak (that is, y < ;%)' However, the case of strong chemotaxis (that is, y > /%) was
left open.

If we solve v in terms of u by the constant of variations, we can reformulate the system (1.3)
into a scalar Fisher-KPP-type equation with non-local advection as follows:

u, + [(K = wul, = uy, +u(l —u), (1.9)

where we have assumed a = b = 1 without loss of generality and
K(x) = —%)(,u sign(x)e_\/’_”xh x ER. (1.10)

For more general kernel K, as stated in [16], the spatial propagation mode of (1.9) with non-zero
compactly supported initial function depends on the decaying property of K at x = +o0: (i) when
K e LP(R)with1 < p < o0 and K(x) > (1 + x)~* with a € (0, 1), the position of the “front” is of
order O(tP); (ii) when K € L®(R) and K(+o0) > 0, the position of the “front” is of order O(e”")
for some 7 > 0; (iii) when K € L'(R) and K = K~! for some kernel K € W'1(R), only explicit
upper and lower bounds on the spreading speed were obtained. Hence in the special case that
K(x) satisfies (1.10), the results of [50] presented a more refined dynamics by finding the precise
spreading speed.

As recalled above, we find that if u, is a slowly decaying initial function, there is no result
about the spatial propagation dynamics of (1.3) with y # 0, and the question whether or not the
acceleration propagation occurs and how the chemotaxis affects (speeds up or slows down) the
spatial propagation dynamics of (1.3) is unknown. We explore these questions in this paper and
our main results are stated in the following theorem.

Theorem 1.1. Assume b > 2yu and u,, satisfies (1.4) and (1.6). Then the following results hold.

(i) The solution of (1.3) satisfies

Vt>0, lim u(x,t) =0, and liminf u(x,t) -> a/bast — +co.
X—+00 X—>—00

For any w € (0,a/b), there exists T,, > 0 such that the set E, (t) with t > T, is compact and
non-empty, where E, (t) = {x € R,u(x,t) = w}.
(ii) Foranye € (0,a), y; > 0, and y, > 0, if {(t) and n(t) satisfy
Ug(§(0) = 1™, ug(n(6)) =y~ fort large enough,

then for any w € (0, a/b), thereis a constant T > T, such that

E,(®) C [n(0),{(O] forallt > T.
(iii) For any w € (0,a/b), we have that

inf{E_ (¢t
lim 0T EA0) = +00
t—+o00 t
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452 | WANG AND XU

Main proof ideas. The main difficulty of proving Theorem 1.1 lies in the failure of comparison
principle of (1.3) due to the presence of chemotaxis which generates a cross diffusion. To overcome
this obstacle, for any € € (0, a) same as in Theorem 1.1(ii), we construct the following two auxiliary
equations for which the comparison principle holds (see Lemma 2.4):

L
w, = W, + % w,| +w(a— (b — yuw), (L)

XML

xx_ﬁ

where L, M, and § are some appropriate positive constants. By some estimates, we find that the
solution of (1.3) is a lower solution of (1.11) but an upper solution of (1.12). Then by constructing an
upper solution  of (1.11) and a lower solution w of (1.12), we can employ comparison principles
to (1.11) and (1.12) and conclude that w < u < . This is the primary new idea of this paper to
overcome the lack of comparison principle in (1.3) and hence to prove Theorem 1.1.

w, =w lw, | + (a —e/2)w — Mw'*°, (1.12)

Remark 1.2. For any € € (0,a), y;,¥, > 0, and w € (0, a/b), it follows from Theorem 1.1(ii) that
E,(t) C [n(0),¢®)] C ual{ [yle_(“s)t,yze_(“_e)t] } for t large enough. (1.13)

Theorem 1.1(iii) shows that the average moving speed of the level set E(¢) tends to infinity as
t — +o0, namely, the acceleration propagation occurs. Therefore, compared to [18], our results
show that if chemotaxis is not strong (that is, y < %), then it does not affect the spatial propa-
gation dynamics of (1.3) with slowly decaying initial functions, in the sense that the estimates of
upper and lower bounds of the acceleration propagation are the same as those for the Fisher-KPP
equation (1.7) (see (1.8)). However, if chemotaxis strength is strong (that is, y > %), itis unknown
whether it has any effect on the spatial propagation dynamics of (1.3).

The rest of this paper is organized as follows. In Section 2, we present some preliminary results
including the global existence of the classical solution of (1.3), some properties of initial function,
and the comparison principle of the auxiliary equations (1.11) and (1.12). In Section 3, we prove
Theorem 1.1 by estimating the upper bound and the lower bound of the moving level set.

2 | PREPARATORY RESULTS

In this section, we present some preliminary results. We first state the results about the global
existence and asymptotic behavior of classical solutions of (1.3).

Lemma 2.1 (Salako and Shen [48]). If b > yu, for any non-negative initial value u, € Cﬁmf([R{),
(1.3) has a unique non-negative global classical solution (u,v) which is uniformly bounded
in time and satisfies u € C([0, o), anif(R)) N C((0, 00), Cﬁnif(ﬂ%)). Moreover, if b>2yu and
inf ¢ up(x) > O, then

u(-,t)— %H + Hv(-, ) — %H —-0ast - +o0. 2.1)
[s9) o0
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The results of Lemma 2.1 directly indicate that: when b > 2yu, (¢,¢) = (%, %) is the unique
solution of the following equations:

{‘P” —x(@Y') +pla—bgp) =0, x€R,
' — 2P + ug =0, xXER

(2.2)

in Cﬁnif(R) X anif(R) satisfying inf g ¢(x) > 0, where prime means the differentiation with

respect to x.
The following lemma states some properties of u, when it satisfies (1.4) and (1.6), which play
crucial roles in the study of acceleration of propagation in the paper.

Lemma 2.2. Assume that u, satisfies (1.4) and (1.6). We have the following statements:

(@) uf(x)/up(x) - 0asx — +oo;
(ii) u, decays more slowly than any exponentially decaying function as x — +oo, namely,

Vi, Ax, s.t. uy(x) = e™ forall x € [x,,+x);

(iii) foranyy, > 0,y, > 0, and p, > p, > 0, if the functions y,(-) and y,(-) satisfy
U (0) = y1e Pt and  ug(y,(t)) = y,e P2 fort > 0 large enough,
then we have that

[ES_noo(h(t) = ¥,(1)) = +o0.

Proof.

() Let g(x) = uy(x)/uy(x) € C'([£y, +o0)). Then we obtain g¢'(x)+ g*(x) = ug (x)/up(x),
which implies

im (g'Ce) + g% (x)) = 0. (2:3)

Note that g(x) < 0 for all x € [§,, +o0). In what follows, we prove that xlil}_l g(x) exists
—+00

in (—o0,0] U {—o0}. Otherwise, there are two sequences {y,},cy and {z,},cy satisfying that
¥y, = +00, 2z, - +oo0 asn — oo, and

lim g(y,) = A, lim ¢(z,) = Bwith A,B € (—,0] U{—oc0}and A < B.
n—oo n—oo

Let ¢ be a negative constant in (A, B). Since there exists N, > 0 such that ¢g(y,) < ¢ and
g(z,) > e for any n > N, by the continuity of g and intermediate value theorem, there exits
X, € (min{y,, z,,}, max{y,, z,,}) with n > N, such that x,, - +oc0 asn — +o0, and

g(x,) =eforanyn > N,. 2.4)

Then by (2.3), we have that lirJP g'(x,) = —? < 0, which implies that there is N; > N, such
n—+oo
that

g'(x,) < —e?/2 < 0foranyn > Nj. (2.5)
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454 | WANG AND XU
Combining (2.4) with (2.5), by the continuity of g, we can find a sequence {«,,} with n > N;
satisfying that

X, <y < Xpy1s 9(a,) <€<0, ¢'(a,) >0 foranyn > N;.
Then we have that ¢/(a,) + g%(«,) > € for any n > N, which is a contradiction with (2.3).
Therefore, liIJP g(x) exists in (—oo, 0] U {—o0}.
X—+00
To complete the proof of (i), we suppose by contradiction that lirJP g(x) # 0. Then by (2.3)
X—>+00
we have that
lim (¢'(x) + g*(x))/¢*(x) = 0.
X—+00
Namely, lirP g'(x)/g%*(x) = —1. For any fixed constant y € [&,, +0), it holds that
X—>+00
+oc0 7
y  9*(x) 9(¥)  g(+o0)
This is a contradiction since we suppose g(+o0) # 0. Therefore, we have that 1ir£1 g(x) =0.
X—>+0

(ii) By Lemma 2.2(i), we have that ué(x)/uo(x) — 0as x — +oo. For any ¥ > 0, we can choose a
constant 7 in (0, x). Then there exists x, > 0 such that ué(x) Jup(x) > —nforx € [xn, +00).
By integrating this inequality from x, to x, we can get that uy(x)/uy(x,) > e 7"%) for any
X € [x,,+o0). Hence, there exists C,, = u,(x,)e” > 0 such that

up(x) > Cpe ™ for all x € [x,), +00).
For any x, we choose x, = max{xn, n—x)"'ln C,)}. It follows that
uy(x) = Cne("_’?)xe_"x >e ™ forall x € [x,,+).
(iii) It suffices to prove that for any M > 0, there exists t;; > 0 such that

Y1) —y,(t) = M forallt > 1.

By (1.4), (1.6), and p; > p, > 0, we can find a large constant ¢, > 0 such that the function
t — y;(t) with i € {1, 2} is non-decreasing on [¢,, + o) and

Y1) > yy(t) fort > ty, y,(t) > +o0 ast - +oo.

By p; > p, > 0 and Lemma 2.2(i), for any M > 0, there is a large constant t,; > t, such
that

N glorprt < L forall¢ > ty, (2.6)
V2

\S]

and y,(t,,) is large enough such that

Yo(tar) = &p, and ug(x) > —ﬁuo(x) for all x > y,(t,).
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When ¢ > ¢, it follow from y,(t) > y,(¢,,) that
1
ug(x) > —muo(x) for all x > y,(¢).
Let ¢, be larger (if necessary) such that

uo(y1(0) = y1e Pt and uy(y,(t)) = y,e P> forall t > ty,.

Then some calculations show that

2M

y1(0) y1(0)

_ _ 1

yie P —y e Pl = uy(,(1) — ug(y,(1)) =/ up(x)dx > ——/ ug(x)dx, t>ty.
y

»2() L ()

Since u, is non-increasing on [&,, +o0) and y,()— = y,(ty) = &,, we can get uy(x) <

uy(¥,(1)) for x > y,(t), which implies that

_ _ 1 1 _
yie Pl —y,e Pt > —m(h(t) = 12(O)up(yy(1)) = —m(h(t) A 0)) S

By (2.6), we have that
y1(6) = y,(8) > —2M ()7:_16(,;2_,31)[ - 1) >M, 3>ty
2
This completes the proof. ]
Remark 2.3. We remark that the proof of Lemma 2.2(i) was given in [18] but hard to understand.

Here we provide a different and easier proof. Lemma 2.2(ii) was announced in [18] without proof.
Hence here we supplement a proof.

Let L be a positive constant and assume that g : [0,L] — R is a Lipschitz continuous function.
For a € R, we consider the equation

wt=wxx+a|wx|+g(w), xX€ER, >0,
2.7)

w(x,0) = wy(x), x € R.

The following lemma provides a comparison principle for (2.7), which is a crucial tool used in the
sequel.

Lemma 2.4 (Comparison principle). Suppose that the bounded non-negative functions w and w
are the upper and lower solutions of (2.7), in the sense that

W = Wy —a|Wy| —g@) 202w, —w —alw | —gw), forx€E€R,t>0.

Ifw(x,0) > w(x,0) forall x € R, then W(x,t) = w(x,t) forall (x,t) € R X [0, +o0).

Proof. Letm(x,t) = w(x,t) —w(x,t)for (x,t) € R X [0, +00). We have that m(x,0) > Oforx € R
and m,(x,t) = w,(x,1) —w, (x,t). It follows that

_|mx(xa t)l < |wx(x’t)| - |Hx(x’ t)l < |mx(xa t)l fOI' (xa t) € R X [09 +OO)
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456 | WANG AND XU

Let G > 0 be a Lipschitz constant of g. It follows that

m[(x’ t) 2 mxx(x’ t) + a|wx(x5 t)l - alwx(x’ t)l + g(w(x5 t)) - Q(E(x, t))
(2.8)
> m . (x,t) — |am,(x,t)| — G|lm(x,t)| for(x,t) € RX[0,+c0)

Then it remains to prove that m(x,t) > 0 for all (x,t) € R X [0, +00). Suppose, by contradiction,
that there exists ¢, € (0, +o0) such that

inf{m(x, 1,)} <.

Let p(-) : [0,1] — [1, 3] be a smooth increasing auxiliary function satisfying that

p(0) =1, p(1) =3, and p’(0) = p"(0) = p'(1) = p"'(1) = 0. (2.9)
We denote
¢, =max{|p'(x)}} and C,=max{|p"(x)|}. (2.10)
[0,1] [0,1]

Let K be a large constant satisfying
2 2 8
K > §C2 + §|a|C1 + EG (211)
Define
h(t) = —e X' inf {m(x, 1)}, t€[0,t,].
XeR
It follows that h(0) < 0 and h(t,) > 0. Let T; € (0, t,] satisfy

h(T;) = Hy 2 max {h(t)} > 0.
tel0,t,]

Then we get
)i(relﬁ{m(x, T)} = —HOeKTl, (2.12)
and
m(x,t) > )iclela{m(x, )} = —h()eX! > —HyeX! forall x € R, t € [0,¢,]. (2.13)

Now we consider the following two cases

Case A There exists x, € R such that m(x,, T,) = ig& {m(x, Ty}
X

Case B liminf{m(x,T,)} = inf {m(x, T;)} or lim inf{w(x, T;)} = inf {m(x, T;)}.
X—+00 xeR X—>—00 xeR

If case A holds, we can obtain that m(x,, T;) = —HyeX™1, m,(x,, T;) = 0, and m,,.(x,, T;) > 0. By
(2.12) and (2.13), we have that

m(xg, t) + HyeX' > 0 = m(x,, T;) + HyeX "1 for t € [0, T ].
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It follows that

0> % (m(xy, 1) + HyeX") = m,(x,, T;) + KHyeXT1. (2.14)
(=T,

Then we get by (2.11) that
m;(xg, T1) — my (%, Tq) + |am,(xy, T1)| + Glm(xy, T;)| < (—K + G)HOeKT1 <0,
which contradicts (2.8).

If case B holds, then there exists x; € R (far away from 0) such that m(x;,T;) < —%HOeKTl . We
define a function z(-) : R — [1, 3] as follows:

1 for |x| < |x1,
z(x) = 4 p(Ix| = |x;)  for|x;| <|x| < x| +1,

3 for [x] = |x;| + 1.
It follows from (2.9) that z(-) € C?(R). For ¢ > 0, we define
po(x,1) = —(% + az(x))HOeKt
and
o =inf{oc > 0| p,(x,t) <m(x,t)forallx eR, t € [0,T,]}

Then p1(x;,T;) = —%HOeKT1 > m(x;, T,). By (2.13), we have that p1 (x, t) < —HpeX* < m(x, 1) for
4 2

allx € Randt € [0, T,]. The monotonicity of o — p, implies that % <0o* <
1, by (2.13) we get that

3-When x| > x| +

por(x,1) = —(% + 30'*>H0€Kt < —iHOeK‘ < m(x,t)forallt € [0,T,].

By the definition of o*, there exist T, € (0,T;] and x, € [—|x;| — 1, |x;| + 1] such that

m(x,, T,) = pg+(x5, T,), and m(x,t) > pg«(x,t) forallx € R, t € [0,T;]. (2.15)
From % <o* K % and 1 < z(x) < 3, it follows that
—2H,eXT2 < m(x,, T,) = pge (x5, T,) < —%HOeKTZ. (2.16)
We have from (2.15) that
d 92
M T) —pe (0 Ty)| =0, and Z5(m(xTo) = po (. T;)| >0,

X=X, X=X
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It follows from (2.10) and o* < % that

d
|mx(x2’ T2)| = ‘a_xpo* (xz’ Tz)

= 0*|2' (x| HyeK™2 < %ClHoeKTZ,

3° . 1
My (X5, T3) 2 ﬁpc*(xb T,) = —0*2" (x;)Hpe "2 > —EczHoeKTz-
Moreover, it follows from (2.15) that

<0,

2 mxs, 1) = Py (52, 1)

t=T,

which along with (2.16) implies that

o) 3
m[(xza T2) < E:Oa*(xb TZ) = Kpcr* (x2a TZ) < _ZKHoeKTZ-
Therefore, we get from (2.11) that

m;(x,, T,) — m (x5, T5) + |am,(x,, T,)| + Glm(x,, T,)|

< <—%K + %Cz + %lalCl +2G ) Hyek™: <o,

which contradicts (2.8). Thus the proof is completed. O

3 | ACCELERATION OF PROPAGATION

In this section, we are devoted to the proof of Theorem 1.1. By substituting the second equation of
(1.3) into the first one, we get

U = Uy, — YU, +9(u,0), xER, t >0, 3.1
where
g(u,v) = ula — bu + yuu — yAvl. 3.2)

The following lemma provides an upper bound of the moving level set E, (t) for large ¢.

Lemma3.1. Under the same assumptions asin Theorem 1.1, foranye > 0andy, > 0, if{(¢) satisfies
that

uy(L(1)) = y,e” @ for t large enough,
then for any w € (0, a/b), there is a constant T, > 0 such that
E,(t) C (=00,¢(D)] forany ¢ > T, (33)
Proof. By u € C([0, ), Cﬁnif(R)) and (2.1), we can define

L= sup |u(,t)|e, < -+oo, (3.4)
te[0,+00)
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which implies that
0 < u(x,t) < Lforall (x,t) € R X[0,+0c0). (3.5)

Note that for any given function u, the second equation of (1.3) can be regarded as an ordinary
differential equation for v. As stated in [50, Lemma 2.1], its solution in Cﬁnif(lR) is written as

v(x,t) = %J * u(x,t) = L\/_ / e“mx—Z'u(z, t)dz withJ(x) = ge_\mx'.
2¢/1 IR

It follows from (3.5) and /, J(x)dx = 1 that
L
0<u(x,t) < ’MT forallx eR, t > 0.
By [50, Lemma 2.2], we have |v,.(x, t)| < \/Iv(x, t), which along with the above inequality yields

L
v, (x, 1) < “7 forall x € R, t > 0. (3.6)
pl

With (3.2), we have that g(u,v) < u(a — (b — yp)u). It follows from (3.1) and (3.6) that

L
U, = Uy, + xo Uy, + g(u,v) <uy, + Xiluxl +ula—((b—ywu) forallx eR, t>0.
A

Then u(x, t) is a lower solution of the following equation:

L
w[:wxx+%|wx|+w(a—(b—)(,u)w), XER, t>0. (3.7)
A

By (1.4), (1.6), and Lemma 2.2(i), we have that
uy(x) = 0, ug(x)/ug(x) — 0, and uy (x)/uy(x) — 0as x — +oco. (3.8)

Let §, be the constant in (1.6). Then it follows from (1.4) thatinf, o, 50]{u0(x)} > 0. Then for any
€ > 0, we can choose a constant &; € [£,, +o0) such that

L
&lu(’)(x)l < %uo(x) forall x > &, (3.9)

Va

Jug GOl < Zu(x),
and
0<uy(&) < inf  {uy(x)}. (3.10)
xe(—oofo]

We define a function 6(-) : [0, +o0) — (0, +0) satisfying

{6’(t) =0(t)(a— (b - xwo(t)), t>0o,
6(0) = 6,,
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460 | WANG AND XU

where
6, = max {sup{u (x)} L}
0 xXER 0 ’ b— XM ‘

Note that 6(-) is non-increasing, and if sup,cg{ug(x)} < a/(b — yu), then 8(t) = a/(b — y ).
Define

w(x, t) = min {Cuy(x)e”,8(t)} forx €R, t >0, (3.11)

where

6 Sup,.er{uo(x)}

ug(€y) g uy(€)

Now we show that w(x, t) is an upper solution of (3.7). When w(x, t) = 6(t), we easily check

p=a+¢/2 and C=

=z

W; — Wyx — leﬂ —w(a— (b - yww) = 6'(t) — 6(t)a — (b — ywe()) = 0.
Va

When w(x, t) = Cuy(x)ef!, we have that
Cuy(x) < Cuy(x)e”’ < 0(t) < 6y,

which implies that uy(x) < 8,/C = ug(§;). By (3.10) and uj < 0 on [£,, +00), we obtain x > &;.
From (3.9) and @w(x, t) = Cuy(x)e’, it follows that

L
D, — Wy — %w — w(a — (b — xp))

L
> pCuqy(x)e’" — Cuy (x)eP' — %ng(x)le‘” — aCuy(x)e"

Therefore, w(x, t) is an upper solution of (3.7).
By C > 1 and 6, > sup,cpiuy(x)}, we get that

w(x,0) = min {Cuy(x), 8y} > uy(x) forall x € R.
Applying Lemma 2.4 to (3.7), we have that
u(x,t) <w(x,t)forallx e R, t > 0. (3.12)

Forw € (0,a/b)and t > 0, when E, () is an empty set, (3.3) is obvious. When E_ (¢) is non-empty,
for any x,,(t) € E,,(t), we get from (3.12) that

w = u(x,(t),t) <w(x,(®),t) < Cuo(xw(t))epl. (3.13)
Since ¢(-) satisfies

uy(£(1)) = y,e~ @ for t large enough,
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we can get from (1.4) and (1.6) that {(t) — +oco0 ast — +o0. Let T, be a constant large enough such
that {(t) > &y, u(¢(t)) = y,e7@+)! forall t > Ty, and T; > max{0, 2¢ " In(y;C/w)}. By (3.13) and
p =a+¢/2,we get that

uy(x,(1)) = Clwe ™ > C e T1/2e= (@) 5y o=@+ — 4y (£ (1)) forallt > T;.

This implies x,(t) < {(¢) for all ¢t > T, from (1.6). Hence, we obtain (3.3) and complete the
proof. Ll

In the following lemma, we give the lower bound of the moving level set E, (t) for large t.

Lemma 3.2. Under the same assumptions as in Theorem 1.1, for any € € (0, a) and y, > 0, if n(t)
satisfies

uy(n(1)) = 7,67 fort large enough,
then for any w € (0,a/b), there is a constant T, > 0 such that
E,(t) C [n(t),+o0) foranyt > T,. (3.14)

Proof. By [50, Lemma 2.5 and (2.21)], for any r > 1 and p > 1, there existC, , > 0 and ¢, > 0 such
that

1
XA0(x, 1) < C, (u(x, )P + ge, forallx €R, >0, (3.15)

where g £ max{||uy|,a/(b — xw)}and the constant ¢, satisfies lim,_, ¢, = 0. Fixe € (0,a) and
choose r large enough such that

qe, < €/2.
Denote
§=1/p and M=C,,+(b— ywL'?,
where L is defined by (3.4). From (3.2), (3.5), and (3.15), it follows that
g(u,v) = ula — (b — ywu — yAv]

> ula— (b — yu)L'%u® — C”Du‘S - qe,]

> (a —¢/2)u — Mu'*e,
We get from (3.1) and (3.6) that

L
Uy = Uy — XU U, + g(U,0) > Uy, — Xiluﬂ +(a—¢/2u—Mu'*® forallx €R, t> 0.

Va

Then u(x, t) is an upper solution of the following equation:

L
wt:wxx—ﬂlwxl+(a—€/2)w—Mw1+5, XER, t>0. (3.16)

Va
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Choose a constant p > 0 satisfying that
a—e/2
— —€/2.
max{a €, 55 }<p<a e/
By (3.8) and (1.4), we can find a constant &, € [&,, +o0) large enough such that
|ug (X)) L lu(x)l
Gi(x) & X0 <(a—e/2)—p, 3.17)
W) T ()
2
|ug ()] uy(x) L lug()
Go(x) 2(1+6)| >—+5( 2 + 20 4 50
@  \w® ) |7 11y(x)
1 —(a—¢€/2
< p(Q+8)—(a—¢/2) (318)
2
forall x > &,, and
0<uy&y) < inf  {uy(x0)} (3.19)
x€(—00,8]
We define a function
F(s)=s—Bs'*%, s> 0,
where
1 2M
B = max , . (3.20)
{ B P +8)—(a—c/2) }
Denote s, 2 B~1/% < uy(&,) and s; 2 (14 8)"1/9B~1/9 < 5,. Then we have that
F(s) < O0foralls > s, (3.21)
and
A SB~1/¢ -1/5
F(s)<F, = m>aOX{F(s)} =F(s;) = B <uy(§,) foralls =0 (3.22)
5>

(1 + §)1+1/8 =

Next we prove that the function defined by

w(x, 1) = max {F(uy(x)e’),0} = max {uo(x)ep’ - Bu(1)+5(x)ep(1+5)‘,0}, XER, t>20

is a lower solution of (3.16). It suffices to check that w is a lower solution in the region where
w > 0. From (3.21), it follows that u(x)e”" < s, < uy(§,), which implies uy(x) < uy(&,). By (3.19)

and ug(x) < 0 on [§,, +00), we have that
x> &,, when w(x,t) > 0.
Note that

|w, (e, 0] < Hy(x,0) 2 |uf()]e” + B(L + &)ug (x)|ug(x)[e M+,

(3.23)

lw_ (x,0] < Hy(x,0) 2 [uf) (x)]e” + B + 6) [ud (x)|uf) ()| + 6ud () (uf(x))*|eP+O).
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Some calculations show that

w,(x, ) —w (x,t)+ X—'uL@x(x, | —(a—e/2w(x,t) + Mw'*%(x, t)

Va

L
< pug(x)e?’ — Bp(1 + Sl (x)e? 1+ 4 Hy(x, 1) + %Hl(x, £)
2

—(a—¢€/2uy(x)e” + (a— e/Z)Bu(l)“L‘s(x)ep(Hé)t + Mué+5(x)ep(1+5)t

= uy(x)e’'[p + Gy (x) — (a — €/2)] + Bul P (x)e” T [—p(1 + ) + G,(x) + (a — €/2) + M/B].

By (3.17), (3.18), and (3.20), we obtain that
p+G(x)—(a—¢€/2)<0,and —p(1+8)+Gy(x)+(a—€/2)+ M/B<0.
Then we have that

w,(x,)—w. (xt)+ X—\j%ﬂgx(x, t)’ —(a—¢/2w(x,t) + Mw'*°(x,1) 0.

Therefore, w(x, t) is a lower solution of (3.16).
Note that s;e™?" < 57 < uy(&,) forall t > 0. By (1.4) and the non-increasing property of u,(-) on
[£,, +00), there exists z(t) > &, for any ¢ > 0 satisfying lim,_, , z(¢t) = +oc0 and

ug(z(t)) = se ', t > 0. (3.24)
It follows that
w(z(t),t) = max {F(s;),0} = F,forall t > 0. (3.25)
Next we prove that
u(x,t) > F, forall x < z(t), t > 0. (3.26)

Consider the following function:
uy(§,), forx <&,
wy(x) =
uy(x), forx=§,.

Note that w(-) is a non-increasing function, namely, w,(x + y) < wy(x) foranyx € Randy > 0.
By (3.19) and the non-increasing property of uy(-) on [&,, +00), we get wy(x) < uy(x) for x € R.
With (3.22), we can easily check that

w(x,0) = max{uy(x) — Bué“s(x), 0} < min{uy(x), Fy} < minfuy(x), uy(&,)} = wy(x), x € R.
Then for any constant y > 0, we have that
wlx +,0) Swy(x +y) <wy(x) <ypx), x ER.

Since w(x, t) is a lower solution of (3.16), for any constant y > 0, w(x + y, t) is also a lower solu-
tion of (3.16). Note that u(x,t) is an upper solution of (3.16). Applying Lemma 2.4 to (3.16),
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we have that
u(x,t) >z wlx+y,t)forallx eR, t 20,y >0
For any ¢ > 0 and x < z(t), we can choose y = z(t) — x > 0, and it holds by (3.25) that
u(x,t) > wlx +y,t) = w(z(),t) = F,.
Then we obtain (3.26), which implies that

liminf inf u(x,t) > (3.27)

t—=+00 x<gz(t)

Recall that for any € € (0, a) and y, > 0, the function 7(-) satisfies

uy(n(1)) = 7, @9 for t large enough. (3.28)
Next we prove that
lim sup |u(x,t)— 2‘ =0. (3.29)
t—+co x<n(t) b

Suppose by contradiction that (3.29) does not hold. Then there exist two sequences (t,),cy and
(%, )nen satisfying t, - +o0, x,, < 7(t,,) for n large enough, and

lim inf
n—oo

u(x,,t,) — %’ > 0. (3.30)

We consider the function sequence (u"(x, t), v"(x, t)) = (u(x + x,,,t + t,), v(x + x,,, t + t,,)). By
some estimates similar to those in parabolic equations, we have that (u,(x,t),v,(x,t)) con-
verges, up to extraction of a subsequence, to some function (u*(x,t), v*(x, t)) locally uniformly
in C>1(R x R) x C>1(R x R). It follows that (u*(x, t), v*(x, t)) is an entire solution (which means
that it is defined for all x € R and ¢ € R) of the following system:

U = U, — x(uv,), +u(a—bu), xeER, tER,
(3.31)
0=v,, —Av+ uu, XxXER,tER.
We claim that
u*(x,t) > F, forall xeR,teR. (3.32)
By x, <n(t,) and u*(x,t) = lim,_,  u(x + x,,t + t,,), it holds that
u*(x,t) > liminf inf u(x+y,t+7)=1liminf inf u(y,7), x€R, tER. (3.33)

T+ y<n(T) T+ y<x4n(t—1)
By (3.24) and (3.28), we have that
(a—e)te—(a—e)r

uy(2(1)) = s,e7F%, and uy(n(t — 1)) = y,e for 7 large enough.

For any fixed t € R, by p > a — € > 0 and Lemma 2.2(iii), we can get that

lim z(t) —n(t —t) = +o0.
T—=>+00
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Then for any fixed x € R and t € R, we have that
z(t) 2 x + n(r —t) for r large enough.
It follows from (3.27) and (3.33) that

u*(x,t) = hm inf inf u(y,7)> F,forall x eR, t €R,

+o0 y<z‘[

which means that (3.32) holds. Note that both (u*(x,—o0),v*(x,—00)) and (u*(x,+o0),
v*(x, +00)) are the solution of (2.2) in Cﬁnif([R{) X Cﬁnif(R) satisfying

inf u*(x,—0) = F, > 0, and inf u*(x,+00) > F, > 0.
XER xXER

When b > 2y, Lemma 2.1 implies that (u*(-, 2:0), v*(-, +0)) = (3, Zf{) Then by the stability of

the positive constant equilibrium (a a“ ) it holds that u*(x, t) = a/b. In particular, we have

= u*(0,0) = lim u(x,,t,),

SRS

which contradicts (3.30). Therefore, we obtain (3.29).
Finally, we complete the proof of Lemma 3.2 by (3.29), which implies that for any w € (0, a/b),
there exists T, > 0 such that

inf u(x,t)>wforallt>T,. (3.34)
x<n(t)

For any w € (0, a/b), when E_(¢) is an empty set, (3.14) is obvious. When E_(t) is non-empty, for
any x,,(t) € E(t), we get from (3.34) that

x,() = n()forallt > T,,
which implies (3.14) and completes the proof. O
Proof of Theorem 1.1. For any fixed ¢ > 0, it follows from (3.11) and (3.12) that
. . — . p[ —
xl_l)er u(x,t) < x1_1)r1100 w(x,t) < x1—1>I-iI-loo Cuy(x)e 0,

which implies lil}_l u(x,t) = 0 due to the non-negativity of u. By (3.29) and n(t) -» +o0 as t -
X—+00
+00, we have that

liminf u(x,t) - a/bast - +oo.
X—>—00

Then for any w € (0,a/b), we can find T, > 0 such that liminf u(x,t) > w for all t > T,,. By the
X—>—00
continuity of u(-,t), the set E(t) with t > T, is compact and non-empty. Then the assertion of
Theorem 1.1(i) is proved.
The result asserted in Theorem 1.1 (ii) is directly obtained from Lemmas 3.1 and 3.2 by denoting
T = max{T;,T,}.
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Next we prove Theorem 1.1(iii) by Lemmas 2.2(ii) and 3.2. It suffices to show that for any N > 0,
there exists a constant T, > 0 such that

inf{E,, (1)}

; > Nforallt > Ty. (3.35)

Let y, > 1 and choose T, > 0 large enough such that
uy(n(t)) = 7,799 forallt > T,,.

For any N > 0, we define a constant x by

a—e¢—Rlny,
K= ——=,
N

where R > 0 is a constant small enough such that ¥ > 0. Let x, denote the constant given
by Lemma 2.2(ii). Recall that 5n(t) > +o0 as t - +oo. Then there exists a constant T >
max{T, T,, 1/R} such that

n(t) > max{x,,&,} forallt > Ty.
When t > Ty > T,, for any x,,(t) € E,(¢), it follows from Lemma 3.2 that
max{x,, §o} < 7(t) < x,(0),
which, along with the non-increasing property of u, on [§,, +o0), implies that
Up(x, (1)) < (D)) = 7,6™ @, £ > Ty
By x,,(t) = n(t) > x, for t > Ty, Lemma 2.2(ii) shows that
uy(x, () = e7O t > Ty
Thus we have e %(®) < y,e~(¢=9) which implies by Ty > 1/R that

xw(t)>a—e—t‘llny2>a—e—Rlny2_ o7
¢ z X z ” =N, Lz 1N.

Then we obtain (3.35), which completes the proof. O
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